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1 Introduction

1.1 Overview of This Dissertation

Schanuel’s Conjecture has a cornucopia of interesting consequences, from such intuitive, but
surprisingly yet unproven, statements, like the algebraic independence of the numbers e, €™, e, €
to deep model-theoretic results, like the decidability of the real field with exponentiation [20].
Several fundamental theorems of Transcendental Number Theory are partial cases of Schanuel’s
Conjecture. One major part of this Dissertation is devoted to proving in detail the Lindemann-
Weierstrafl Theorem.

In Section 1, we provide basic definitions and results we take for granted.

In Section 2, we state the conjecture and give some preliminary consequences, which may
be conjectures or known results.

In Section 3, we consider four Theorems, which are at the heart of Transcendental Number
Theory: the Lindemann-Weierstrafl Theorem, the Gel’fond-Schneider Theorem, Baker’s Theo-
rem, and the Six Exponentials Theorem. Each is considered in some sense an improvement of
the previous ones, and the proofs respectively grow in complexity. We provide a proof of the first
and last of these, highlighting our main contribution to this project throughout the exposition,
and outline the middle two. We completely restructure the proof of the Lindemann-Weierstrafl
Theorem in hopes of making the main ideas more transparent and easily seen; to this aim, we
needed to adapt several of the auxiliary propositions from the literature, and formulate several
different from the ones found in the literature used. Our proof of the LW Theorem follows
from the exposition in [6], which uses only the basic notions of Complex and Real Analysis and
thus is accessible to undergraduate students. Our main contribution consists of restructuring
the proof presented in [6] and correcting various omissions, inaccuracies, and errors, which of
course do not affect the natural approach of making this proof more transparent and accessible.

In Section 4, we provide two very interesting consequences of Schanuel’s Conjecture, and
survey several other fascinating corollaries.

Finally, in Section 5, we provide applications of Schanuel’s Conjecture in Model Theory,
with the most important two being a (very brief) overview of Zilber’s pseudoexponentiation,
and the decidability of the real field with exponentiation under Schanuel’s Conjecture.

1.2 Some Notation, Definitions, and Preliminary Results

Principle. [6] The Fundamental Principle of (Transcendental) Number Theory states that there
is no integer N satisfying 0 < N < 1.

1.1 Notation. If X is any set and M € N*, then [X]™ denotes the set of all subsets of X
consisting of exactly M different elements, i.e.

(XM ={A:AC X :|A| = M}.
1.2 Notation. We use the following standard notations:

e N for the natural numbers (0 is included in N)

e NT for the positive natural numbers

Z for the integers

Q for the rational numbers

e R for the real numbers



C for the complex numbers

e Re(z) for the real part of z € C

e Im(z) for the imaginary part of z € C
e Q for the set of algebraic numbers

o If K is a field, K[z1,...,2,] denotes the ring of all polynomials in n variables z1,..., 2,
and with coefficients in K

o If p(z) = anz" + ...+ a1z + ag € Z[z] we say that p(z) is a polynomial in variable z with
integer coefficients. When a,, = ... = ag = 0, we call the polynomial the zero polynomial.

1.3 Definition. If a,, # 0 we say that the degree of p(z) is n, and a, is called the leading
coefficient of p(z). We write deg(p) = n. If a, = 1, then p(z) is called monic.

1.4 Definition. A number « € C is called algebraic if it is a zero of some nonzero polynomial
p(z) € Z|z], or equivalently, the zero of a nonzero polynomial with rational coefficients. We call
a € C an algebraic integer if moreover the polynomial p(z) is monic.

1.5 Definition. A polynomial p(z) € Z[z] (alternatively - in Q[z]) is called irreducible if it
cannot be factored into two polynomials in Z [z] (or Q[z]), each having a strictly smaller degree
than p(z).

1.6 Theorem. [28] If a € Q then there is a unique monic irreducible (over Q) polynomial
f € Qlz] satisfying f(a) = 0.

1.7 Definition. We call the above polynomial p(z) the minimal polynomial of a. We define
the degree of a, denoted deg(«), to be deg(p).

1.8 Definition. If a € Q, we define the conjugates of a to be the zeros in C of the minimal
polynomial of a.

1.9 Note. Some basic facts about algebraic numbers:
1. The set Q is countable (this follows from the countability of Z);
2. Q contains the set {p +iq: p,q € Q},
3. Since Q is dense in R, this implies that Q is dense in C.

1.10 Theorem. [28] The set Q with the operations of complex addition, subtraction, multipli-
cation and division is a field.

1.11 Definition. [18] Any field L containing the field K, is called a field extension of K, and
denoted by L D K. If L D K and o € L\ K, we can define a field extension K («) of K
as the smallest subfield of L containing K and «, and denote it by K («). We say that the
field K () is a field extension of K generated by a. If aq,...,a, € L'\ K, we can analogously
define K (a1, ..., ), and it can be shown that K (ai,...,a,) = K (a1) (q2,...,ap) = ... =
K (a1,...,0n-1) (o).

1.12 Example. The complex numbers C are an extension field of the real numbers R, generated
by i; in other words, C = R (i). The field Q (\/5) ={a+bv2:a,bc Q} is the subfield of R,
generated by v/2 over Q.



1.13 Definition. [27] Let L O K be a field extension and {ai,...,a,} C L. We say that
ai,...,an are algebraically dependent over K if there exists a nonzero polynomial f € K[z, ..., %)
such that f(ai,...,a,) = 0. We say that ai,...,a, are aglebraically independent over K if they
are not algebraically dependent.

1.14 Definition. (paraphrase from [27]) Let L D K be a field extension. We say that a subset
{a1,...,a,} € L is a transcendence basis of L over K if the following properties hold:

1. ay,...,a, are algebraically independent over K,
2. if B € L, then 3 is algebraic over the field K (aq,...,a,).
It is fairly standard to show that

1.15 Proposition. [18/ If L D K and ay,...,an,b1,...,by, € L are such that both {ay,...,an}
and {b1, ..., by} are maximal algebraically independent sets, then m = n.

Hence, we are justified in making the following definition, in analogy to basis of a vector
field:

1.16 Definition. The transcendence degree of a set S over a field K, denoted trdegy(S), is
the size of the maximal subset S’ of S such that S’ is algebraically independent.

Or, alternatively,

1.17 Definition. The transcendence degree of a field extension L over K, denoted by trdegy (L),
is the cardinality of any transcendence basis of L over K.

1.18 Proposition. [27] If L = K (a1, ...,ay,), then trdegy (L) < n, and there exists a subset
of {ai1,...,an} which is a transcendence basis of L O K.

1.19 Note. [27] For ay,...,a, € C, we have

trdegg(Q (a1, ..., az)) = trdegg(Q (a1, .., an))

1.20 Note. If the field K is clear, we will often drop the subscript ‘K’ in trdeg (L) and respec-
tively ‘over K’ in our exposition.

2 A First Look at Schanuel’s Conjecture

2.1 Conjecture (Schanuel’s Conjecture). [27] Let x1,...,x, be complex numbers linearly in-
dependent over Q. Then

trdegy(Q (w1, ..., 7y, €™, €™, ... e"™)) = n.
Equivalently, one may state Schanuel’s Conjecture as:

2.2 Conjecture (Schanuel’s Conjecture). If xy,...,x, are Q-linearly independent complex
numbers, then among the 2n numbers x1,...,Ty, e, ..., e, at least n are algebraically inde-

pendent over Q.

This conjecture includes a plethora of consequences, many of which are other conjectures
we would like to believe to be true, and others are well-known results.



2.1 Theorems, Which are Consequences of Schanuel’s Conjecture

Taking n = 1 in Schanuel’s Conjecture, or SC for short, we get

2.3 Theorem (Hermite-Lindemann [13], [34]). If = € C\ {0}, then at least one of x,e” is
transcendental.

As immediate consequences of this Theorem, we get:
2.4 Proposition. The following numbers are transcendental:
1. e (taking x = 1),
2. 7 (by contradiction - if T € Q, then im € Q so both of im,e™ = -1 € Q),
3. log2 (x =log2),
4. eV? (x=+2€Q).
The case when z1,...,z, € Q is:

2.5 Theorem (Lindemann-Weierstra8). If 1, ..., 2, € Q are Q-linearly independent, then the
numbers e*1, ..., e*" are Q-algebraically independent.

Though this is an immediate consequence of Schanuel’s Conjecture, the proof of this theorem
was a major breakthrough in Transcendental Number Theory, and all existing proofs are long
and strenuous - Section 3.1 is devoted to the detailed proof of this theorem, and much more.

Also, the solution to Hilbert’s seventh problem (discussed in Section 3.2) is a consequence
of Schanuel’s Conjecture:

2.6 Theorem (Gel’fond-Schneider). If a, 5 € Q\ {0}, a # 1, and B ¢ Q, then any value of &

1s transcendental.

Baker’s Theorem, the crown jewel of 20th century Transcendental Number Theory, also
follows from Schanuel’s Conjecture:

2.7 Theorem (Baker’s Theorem). If aq,...,a, € Q and logay, ..., logay, are Q-linearly in-
dependent, then the numbers 1,logaq,...,logay, are linearly independent over Q.

The Six Exponentials Theorem is another Corollary of Schanuel’s Conjecture:

2.8 Theorem (Six Exponentials). Let x1,x9 € C be linearly independent over Q, and let
Y1, Y2, ys € C also be linearly independent over Q. Then at least one of the six numbers

€y111, eyle, 692501 , 63/2962, eyf’)zl , 693502

is transcendental (over Q).

In Section 3.4 we provide a proof and historical background of the Six Exponentials Theorem.



2.2 Consequences of Schanuel’s Conjecture Which are Conjectures

By an easy induction on n, one can use Schanuel’s Conjecture to obtain the algebraic indepen-

dence of
2 e 2 T

€ € €
E+ M em, T, ,€ ,...,€ ..., T , T ,...,T ...

and of
log 7, log(log 2), wlog 2, (log 2) (log 3), 2182, (log 2)'°83 . . ..

Even the case when n = 2 of Schanuel’s Conjecture is not yet known:

2.9 Conjecture. If z1,290 € C are Q-linearly independent, then at least 2 of the 4 numbers
1, To, el e*2 are algebraically independent.

An immediate consequence is the algebraic independence of:
1. eand 7 (z1 = 1,29 = im);

2. eand €° (z1 = 1,29 = e);

3. mand €" (z1 =, xy = iT);

4. log2 and log 3 (z1 = log 2, x9 = log 3);

5. log2 and 2'°¢2 (21 = log 2, x5 = (log2)?).

To give an idea of the difficulty of these seeminly innocuous consequences, item 3 was not proven
until 1996:

2.10 Theorem (Nesterenko). [24] m and €™ are algebraically independent.

We also don’t know if there exist two logaritms of algebraic numbers which are algebraically
independent - a more general version of item 4 above. In this vein, we have the Four Exponentials
Conjecture, which is a generalisation of the Six Exponentials Theorem:

2.11 Conjecture (Four Exponentials). Given aq,...,a4 € C such that (logag)(logas) =
(log ag)(log ai3), then either logay and log ag are linearly dependent, or else logay and log as
are linearly dependent.

An alternative statement of the conjecture is:

2.12 Conjecture (Four Exponentials). [38] If a1, aa, B2, B2 € C are such that a1, aa are linearly
independent over Q and 51, B2 are Q-linearly independent, then at least one of the four numbers

ea1,31 , 6011/6’27 ea2,31 , etlzﬁz)

1s transcendental.
An interesting corollary of the Four Exponentials Conjecture is:
2.13 Corollary. If for some a € C, both 2* € N and 3 € N | then o € N.
This leads the author to pose the following question:
Open Question. If 3% — 2% € N for a € C, can we deduce that either « € Nor a € C\ Q?

2.14 Proposition (the author’s). Schanuel’s Conjecture implies that if 3% — 2% € N, then
a€QoraceC\Q.



Proof. Assume Schanuel’s Conjecture and consider the set {log2,log3, alog2, alog3} for a €
Q\ Q. This set is Q-linearly independent, so by SC,

trdegg(Q (log 2,1og 3, alog 2, alog 3, 2, 3,2%,3%)) > 4.
Noting that
Q (log2,log 3, alog 2, alog3,2,3,2% 3% = Q (log 2,log 3,2, 3%)
and applying Proposition 1.18, we have
trdego(Q (log 2,1og 3,2%,3%)}) = 4.

Hence, 3% — 2% is transcendental for « algebraic irrational.
By the contrapositive, we have that if 3% — 2% € N, then « cannot be algebraic irrational,
soaeQoraecC)\Q. O

Another vaguely related question is:
Open Question. For A C R and f(z) = 2%, when do we have that f(A) C A?
Clearly this holds for:
1. A=R;
2. A=N;
3. A=[a,00) for any a € R;

4. more generally, for any A built inductively by taking Ag = {a} and 4,1 = {2°: b € A,},
and setting A = UpenAy, for a € R arbitrary;

5. for arbitrary unions of sets of the form in item 4.

But are there any other subsets of R for which this holds? Can we prove that no other such
subsets exist, given Schanuel’s Conjecture?
Gel’fond (in 1948) and Schneider (in 1952) conjectured that:

2.15 Conjecture. If o, 3 € Q and if B has degree d > 2, then trdegg (Q (aﬁ, e ,aﬁd_1)> =
d—1.

A straightforward proof of Conjecture assuming Schanuel’s Conjecture can be found in in
[27].
2.16 Note. For parts of this subsection, we used material from [35] and [14].

3 Four Important Theorems

3.1 The Lindemann-Weierstraf3 Theorem

This section is devoted to proving the important partial case of Schanuel’s Conjecture, the
Lindemann-Weierstrafl Theorem 2.5. We first list three equivalent versions of the Lindemann-
Weierstrafl Theorem:

3.1 Theorem (Lindemann-Weierstra$l - first version[4]). Let {ao,...,am} € [QM*L. Then
the numbers e*, ..., e*™ are linearly independent over Q.



It is easy to check that Theorem 3.1 is equivalent to:

3.2 Theorem (Lindemann-Weierstrafl - second version). If ag,a1,...,an € Q are linearly
independent over Q. Then the numbers e, e ... e*M are Q-algebraically independent.

Since the algebraic independence of complex numbers over QQ is equivalent to linear inde-
pendence over Q, Theorem 3.1 is also equivalent to:

3.3 Theorem (Lindemann-Weierstrafl - third version). If {ag,aq,...,an} € [QM*L] then

e, ..., e qre Q-linearly independent.

First let us consider a very natural question: what does the Lindemann-Weierstrafl theorem
have to do with transcendental numbers? How was it arrived at? In other words, what does
the linear independence of {e®, ... e*} over Q have to do with transcendence?

To answer this question, let us recall the previously mentioned Hermite’s theorem (also
known as Lindemann’s Theorem, or the Hermite-Lindemann Theorem):

3.4 Theorem (Hermite’s Theorem [13]). The number e* is transcendental for any o € Q\ {0}.

In fact, Hermite’s Theorem states that if a # 0 and 3 are algebraic numbers, then e® # 5.
So, it can be restated as:

3.5 Theorem. If o € Q\ {0} and By, 31 € Q are not both zero, then Bye® + Bre® # 0.

In other words, {e’, e®} are Q-linearly independent. The Lindemann-Weierstra Theorem
is a natural generalization of this result: if {ap,...,ap} € [QM+! then {e®,... e*M} is
Q-linearly independent.

We shall provide a proof of the first version of the Lindemann-Weierstrafl Theorem 3.1.

There are four major approaches in proving the Lindemann-Weierstrafl Theorem. The two
most recent methods use Galois Theory and extension fields ([25]), and a criterion of rationality
for solutions of linear differential equations ([5]). The third one is the Weierstrafl approach [41],
using integrals of the type [ pm(z)e*dz; such a proof can be found in [4]. The fourth one can
be found in [6] (the proof given in [10] is essentially the same). All proofs of the Lindemann-
Weierstral Theorem are proofs by contradiction, and are based on constructing an integer N/
that is between 0 and 1 and thus violating the Fundamental Principle of Transcendental Number
Theory. The definition of such an integer initially involves an arbitrary prime p that later can
be used in two essential ways: firstly, to ensure that A is nonzero, and consequently, to make
N between 0 and 1.

The proof of Lindemann-Weierstrafl presented here takes the fourth approach from those
listed above. It uses results from Complex Analysis, prevailingly the concept of conjugates, the
Taylor Series of e* and some fundamental limits from Real Analysis. In general, we follow [6],
but we completely restructure the proof in hopes of clarifying it. We base our proof on 3 key new
Lemmas: 3.17, 3.19, and 3.20. Another contribution of our presentation is to correct a couple
of errors that occur in the proof given in [6]. The first one is a false statement which is key
to proving that the integer N in question is nonzero. This concerns the way in which the first
choice of the prime p is made. In [6], the authors choose p > AP, where A > 1. Obviously, this is
impossible, except in some trivial cases, because the exponential function A* is always greater
than = for A > 1. Among other contributions are formulating lemmas and defining notions in
a more rigorous manner, so they can be legitimately applied later in the proof. Unfortunately,
this cannot be done with some of the main lemmas in [6], for example [6, Challenge 3.11, pg
66], stated without proof, since the preconditions are not met when the challenge is later used.
We also provide detailed proofs of statements only formulated in the form of Challenges.

First, we need some more definitions.



3.6 Definition. S € [Q]" is called a complete set of conjugates if whenever o € S, all conju-
gates of o are in S.

3.7 Definition. A = {a1,...,ap} € [Q\ {0}]M is called a complete collection of conjugates if
A consists of all the zeros of the polynomial (factored in C)

hMz)=(z—a1)(z—a3)...(z —apn) € Q[z].
Thus h(z) is the minimal polynomial over Q of each of the a,,’s.

3.8 Definition. If A = {a1,...,ay} € [Q\ {0}]M is a complete set of conjugates, we say that
A splits into L complete collections of conjugates if A can be written as

Al = {alla"'>a1M1}7-'-aAl = {O‘lla"'?alMl}w . 'aAL = {aLla"'7aLML}>
where each A; is a complete collection of conjugates.

Now we proceed with some preliminaries to the proof of the Lindemann-Weierstrafl Theorem.
The usual approach is firstly to prove the following special case and then conclude the
general result from it:

3.9 Theorem. Let {aj,9,...,ap} be a complete set of conjugates. Let {Po, B1,...,Bm} C
7\ {0} be such that if oy and o are conjugates then B; = B;. Then

M
Bo+ Y Bme™™ = Bo+ Pre® + ... + Bare® #£ 0.
m=1

We base our proof on the interplay between the so-called auxilliary polynomial, defined on
the basis of a1, ..., ays, and the Taylor series of e*. Firstly, we construct a nonzero integer N
in such a way that it is closely connected to a special partial sum of the Taylor series of e,
choosing the prime p in a special manner. Then, we further improve our choice of the prime
p to make the corresponding tail arbitrarily small. Finally, assuming for a contradiction that
the conclusion of Theorem 3.9 is not true, we link A/, the tail, and the auxilliary polynomial to
make N violate the Fundamental Principle of Transcendental Number Theory.

We list some basic results from Algebra concerning symmetric polynomials that will be
needed for the proof.

3.10 Definition. Let F(x1,..., 1) be a function of L variables. We say that F' is a symmetric
function if any permutation of the variables does not change the function.

3.11 Fact. The sum and the product of two symmetric functions in n variables is also a
symmetric function.

A simple procedure for generating symmetric polynomials in L unknowns is to look at

x1,...,2r, as zeros of a polynomial in z and then consider the coefficients of that polynomial:
F2)=(z—z)(z—22)...(z—xp) = 2L —o12l L 4 o2l 2 — .+ (=D Loy,
where the o1,...,0r are the symmetric polynomials generated by Viete’s formulas:
e o1(x1,...,x1) =21+ ...+
o 09(x1,...,00) =x1T2 + 13+ ... F Xow3 + ... + X127



° oL(acl,.. . ,a;L) =X1xr2...7[,.
3.12 Definition. We call o1,...,0 elementary symmetric polynomials, or elementary sym-
metric functions in x1,...,xr and often denote them by o1, ...,0r, only.

They are called elementary because any other symmetric polynomial with rational coeffi-
cients can be expressed as a polynomial in o1,...,0r.
Here we shall prove the following lemma:

3.13 Lemma. Let G(z) = apz” +ap 12"V + ...+ a1z + a9 € Z[2] be of degree L. Let
{ai,...,ar} be all the zeros of G(z). Then for everyi € {1,..., L}, we have that o;(a1, ..., ar)
18 a rational number with denominator ay,.

3.14 Note. We note that:

1. The elementary symmetric polynomials o1, ..., o7, are in fact functions from C* — C.

2. Hence what is meant by the conclusion of this Lemma is that the values of o; at the point
(a1,...,ar) € CF where ay,...,ay are all the zeros of G(z), are rational numbers with
denominator ay,.

3. G(z) might be irreducible over Z [z] but if we factor it in C[z], we get G(z) = ar(z —
a1)(z—a2)...(z—ar). Then {aq,...,ar} is either a complete set of conjugates (if G is
irreducible over Z) or a collection of complete sets of conjugates, each corresponding to
the set of zeros of the irreducible over Z factors of G.

Proof. By the Fundamental Theorem of Algebra, G(z) splits over C in linear factors as:

G(z)=ar(z—a1)(z —a1)...(z —ar)
and, according to our definition of the o;’s, the right hand side of the above equation is
equal to

ay, (ZL — 0’1(041, .. .,OJL)ZLil + 0'2(051, .. .,OzL)ZL72 + ...+ (—1)LO'L(C(1, o ,aL)) .
Also
Gz)=apzl+...+ag=ar <zL—|—aL_12L_1—|—...+alz+a0>.
ar, ar, ar,

Equating the two expressions for G(z), we get

ar—1 g— ai ago
ary, (zL—l—zL 1+...+z+)
ar, ar, ar,

=ar, (¥ —o1(a1,...,ap)2" Pt oa(an,. . an)E P4 L+ (Do (e, . an))

By comparing coefficients in front of corresponding powers of z we get:

ar—1

o1 =01+ ... +aqy = —
ar,
ar—2

o1 = o1ag o3+ ...+ ap_1ag, =
ar,
L
o] = 071...0], :(—1) —
ar,



and obviously all values at the right hand side are rational numbers (since the a;’s are
integers).
O

3.15 Lemma. Let G(z),P(z) € Z[z], degG(z) = L, G(2) = arz" +ap 12"+ ... +a1z+ag
and let {au,...,ar} denote all the zeros of G(z). Then the number

P(al) + 73(042) + ...+ P(OéL)

1s a rational number with denominator equal to aCLleg(P).

3.16 Note. Instead of following the approach in [6], which uses further results about symmetric
polynomials, here we provide a more direct proof of this Lemma.

Proof. Let P(2) = by + b1z + bz + ... + b,2" and deg P(z) = n. Define
Blay,...,ar) =P(a1) + Plaz) + ... + P(ar)

= (bo +brog + ...+ bpaf) + ...+ (bo + brar + ... + byat)
=Lbg+bi(ar+...+ar)+b(af+...+a2)+...+b(af + ...+ a}),

which is evidently a symmetric polynomial in (o, ...,ar). Let us consider the expression
Hi(aq,...,ap) =ai +ab... +ab.

If we complete H; to (g + ...+ )i, for i = 1,...,n, then we see that B(az,...,ar) can be
expressed as a polynomial with integer coefficients in the elementary symmetric polynomials
01,...,0r in (a1,...,ap), and hence we can rewrite B as

B(al,...,aL)=F(01,...,UL)EZ[Jl,...,UL],

where evidently deg F' < deg B. By Lemma 3.13, each oy (aq,...,ar) is a rational number with
denominator ay. Hence the expression F'(o1,...,0p) is a rational number with denominator
aiegF. But deg F' < deg B and deg B = degP. Hence there is A € Z such that

A

’UL) = deg I
ar,

B(Oél,...,OzL):F(Ul,...

Aa%eg B—deg F'
deg I’ _deg B—deg F
ar - ar

A adeg B—deg F'
degB 'L

ar,
C

deg P’
ar,

where C = A.adLengdegF eZ. O
As part of our restructuring of the proof, we formulate and prove the following new lemma:

3.17 Lemma. For a given complete set of conjugates {o,...,an} € [Q\ {0YM that splits
into L complete collections of conjugates

{05117-' . 7a1M1}7-"7{al1a' . '7alMl}7" '7{aL17-"7aLML}
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and a prime number p, we can define integers {d;,a;,D = dy...dp,en 0l =1,...,L; N =
p—1,p,...,(M + 1)p — 1} where in addition c,—1 # 0, d; > 0, and a; is divisible by p for
l=1,...,L. We also define a polynomial P,(z) of degree Mp — 1 such that

M

Z Pp(alm) ay

p-1 g

m=1
forl=1,... L.

Proof. For every {oy1,...,aun}s let fi(2) € Q [z] be its minimal polynomial, ie.

fi(z) = (z—an)(z—ap)...(z — o).

Then there is d; € Z* such that g;(z) = d; fi(z) € Z [z] and deg g, = deg f; = M, for [ =1,..., L.
Let D =dydsy...dp, so D € Z*. Define a polynomial

f(z) = DP2P L fi(2)P fa(2)P o fr(2)P = 2P g1 (2)Pg2(2)P - g (2),
S0
degf=p—14+Mp+DMp+...Mrp=p(1+M +Mo+...+Mp)—1=(M+1)p—1,

and the smallest degree of z in f(z)isp—1. Since D € ZT and g; € Z 2], = 1,..., L, we have
that f(z) € Z[z]. We rewrite f(z) as:

(M+1)p—-1

f(Z) = Z cn2",

n=p—1
where ¢, € Zforn=p—1,p,p+1,...,(M + 1)p — 1. By Viete’s formulas,
Cp—1 = j:Dp(Oél - aM)p S Z\ {0}
Define the polynomial P,(z) as:
(M+1)p—1 N—p n
P = 3 <N!CN 3 m) ,
N=p—1 n=0

where by convention the inner sums for N = p — 1 and N = p are defined to be zero. In
expanded form, this gives us

1 .n 2 n Mp-1
z z z

Pp(Z) = (p + 1)!Cp+1 E ﬁ + (p + 2)!Cp+2 E E +...+ C(M+1)p,1((M + 1)p - 1)' E ﬁ =
n=0 n=0 n=0 ’

(this is a polynomial with integer coefficients with respect to the partial sums

of the Taylor expansion of e* up to Mp — 1)
2

z
=+ Dlepa(142) % (p+ 2l +2 4 5) 4o+
22 . ZMpfl
+ ((M+ 1)p— 1)C(M+1)p—1 (1 + z + 5 4+ ...+ (]\4}9—1)')

11



We can rewrite Pp(z) as:

Pp(2) = p!<(p +Depr1(14+2)+ (p+1)(p+2)cpra(l + 2+ Zj)Jr

2!
22 sz,1

ot @+ D +2) . (p+Mp—eprrryp—1(T+ 2+ o1 —|—+m))

Since p+1,p+2,...,p+ Mp—1 are Mp — 1 consecutive integers, their product is divisible by
(Mp —1)! (a simple fact from modular arithmetic is that (p + 1)(p + 2)...(p + n) is divisible
by n!). Hence P,(z) = p!(a polynomial with integer coefficients), i.e. I%!Pp(z) € Zlz].

Recalling that {oy1, ..., s } are all the zeros of g;(z) foreach { =1, ..., L, we apply Lemma
3.15 to ]%Pp(z) and g¢;(z). For a particular [ we have:

1 M Pp(alm) (IE
E(Pp(all) + Pp(OZlQ) +...+ Pp(ale)) = Z p' = de_17 (1)
m=1 l

for some aj € Z; recall that degPp(z) = Mp — 1 and d; € Z* is the leading coefficient of g;(z).
Now let a; = pa; and rewrite (1) as

M,
P Zl: Pp(alm) . al
| - ;Mp-1’
m=1 p dl P

where a; € Z and is divisible by p, or

M,

Z Pp(m) oy 2)

— 1)~ 4Mp-1°

Thus we have defined the required integers D,cp—1,cn,d;, a; and the polynomial Pp(z) for
l=1,...,Land N=p—1,p,p+1,...,(M+1)p—1. O

3.18 Note. We reserve the right to use some of the polynomials and intermediate results given
above whenever applicable in the consequent exposition.

The key step in our restructuring of the proof of the Lindemann-Weierstrafl Theorem is the
definition of the nonzero integer N.

3.19 Lemma. Let {a1,...,an} € [Q\ {0} be a complete set of conjugates that splits into
L complete collections of conjugates

{oar, - ,oann by {oan, o o b - {ana - anag -

Let {Bo,...,Bu} C Z\ {0} be such that if a; and o are conjugates, then B; = ;. Then there
s a prime number p such that the number

N = ,BODMpCp—l + ﬁODMp Z WCN + Zalﬂldl <Cll> ,
N=p ’ =1

where {D,dj,a;,ey :l=1,...,L; N =p—1,p,...,(M +1)p— 1} are as in Lemma 3.17, is a
nonzero integer.

12



Proof. N is an integer:
(M+1)p—1
Evidently, 2 € Z* for { = 1,...,L. Also, Y
N=p
since for N =p,p+1,...,(M 4 1)p — 1 we have that

cN-——— is an integer divisible by p,
(p—1)!

N! _p(p—l)!Np
-1 (-1 "

where N, € NT. Hence N is indeed an integer. By our choice of a;’s, it follows that

L D Mp
Z a1 Bd; (d) is an integer divisible by p.
1
=1

N is nonzero:

We have ﬂoDMpcp_l # 0. Hence, in order to show that N # 0, it is enough to show that p
can be chosen such that BODMpcp_l is not divisible by p.

According to [6], page 61, p can be chosen to be p > max{|fo|, |cp—1], D}. However, since
lep—1| = |aa...apdyi ... difP, this can be done only in the case when max{|fo|,|cp—1], D} =
1, which is a very special case since all of them are integers, {di,...,d;} are integers, and
that would mean in particular that |5y] = 1, D = 1, and hence dj = dy = ... = 1 and
| ... ap| = 1. For all other non-trivial choices of Sy and aq,...,ap we would have that
max{|fol, |cp—1|, D} = o ... apdy ... difP and |aq ... apdy ... dj] > 1. Hence we cannot choose
p in such a manner, since the linear function F'(x) = x grows slower than the exponential
function A* for A = |y ...apdy ... dy| > 1, ie. for A > 1, A* > z for all real z.

We will amend the book’s proof in the following way: the divisors of BODMpcp_l are exactly
the divisors of Sy, D, and c¢,—1, and are finitely many, and hence bounded above. By the
Archimedean Principle, there is a positive integer 13 greater than the absolute value of each of
them. Since the set of prime numbers is not bounded above in N, we can choose our prime
p > B. Then BODMpcp_l will be a nonzero integer not divisible by p.

Hence N is a nonzero integer. O

It doesn’t come as a surprise that in Lemma 3.17 we have defined the polynomial Py(z) as
a polynomial in the partial sums of the Taylor expansion of e?,

(M+1)p—1 N—p n
Po(z)= > Ny > =
N=p—1 n=0 "

Lemmas 3.17 and 3.19 will be used in the proof of a special case of the Lindemann-Weierstraf3
Theorem, where we will encounter some linear combinations of values of e* in given algebraic
numbers {aq, ..., ap . We will aim to show that the prime number p can be further “enlarged”
so that the nonzero integer NV, defined in Lemma 3.19 can be made to violate the Fundamental
Principle of Transcendental Number Theory. In order to do that, we will bound it above by
some quantity that for sufficiently “large” primes p can be made smaller than 1. One very
good candidate in the way of obtaining such a quantity is the corresponding sum (finite - from
p—1,p,...,p+ Mp— 1) of the corresponding tails of the series for e*.

The following Lemma is given as Challenge 3.10 [6, pg 61] without proof; our proof here uses
the natural approach explored in [7], but we completely rework the proof, correcting various
inaccuracies.
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3.20 Lemma. Let p be a prime number and {cy,...,anp}, ey (N=p—1,...,p+ Mp—1),
be as in Lemma 3.17. Let us consider the finite sum of the tails of the Taylor expansion of e*:

(M+1)p-1 % n
T(z)= > (N!CNZH,)
N=p-1 n=N

Then there are two constants K1 and Ko that do mot depend on p such that for any o €

{041, N ,aM},
Tp(@)] < K1 (K2)P.

Proof.
(M+1)p—1 00 n
T = > (N!czv 2 n)
N=p—1 n=N
(M+1)p—-1 ( 00 N!z”)
=y (e
n!
N=p—1 n=N
= CN —_— s
|
N=p—-1 n=0 (n + N)
SO
(M+1)p-1 00
N!an+N
Tal< S Jen |32
N=p—1 n=0 (n T N)
(M+1)p—1 ) NI
< D lenl ) ylalted™
|
N=p—1 n=0 (n + N)
U el S o (b M)
= cN||a — | ecause ——— < —
| | |
No = (n+ N)! (N +n)! = nl
< D lewlla® )y S
N=p—1 n=0 ’
(M+1)p—1
=l N fen|lof¥ (3)
N=p—1
If |oof < 1, we have
(M+1)p—1
B)<ell > el
N=p—1

and if || > 1, we have
3) = ¢ (lep1llal? ™" +lepllal? + .-+ legarprla FD71).

Hence
(M+1)p—1

(3) < elljaMHIPTL N ey,
N=p-—1
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Since when |a] < 1, the proof can be easily completed, we shall proceed with the case when
|| > 1. Recall that ¢y, N =p— ., (M + 1)p — 1 were the integer coefficients of

f(z) = Dpzp_l(z —a)P(z— )P ... (2 —am)?.

For each m =1,..., M, by the Binomial formula, we have
=~ (p
(z —am)P = Z <k> (—aum)PR 2.
k=0
Let us find an upper bound for the coefficients of (z — ;)P that does not depend on m. We
have
p —~ (p
—_a)P b <« p—k
| () corly < ()
k=0
. p
< p
<lal> (%)
k=0
— lap
(2laf)?,
where, again the more complicated case is when |a| > 1. We proceed with this assumption

in mind. Hence each coefficient in (2 — )P is bounded above by (2|«|)? and we have M such
factors in f(z). Hence
len| < DP(2]a))™

Hence
(M+1)p—1
> len| < DPla)MPMp.
N=p—1
Hence
| To(a)] < el®l|a|MFIP=L P (2] )MPArp
o]
= %DpMp<<2ra\>M>p<\a\M“>p
a
< |a‘DpMp 2 Myp M+1\p
+
M Tal (2la))™)P (el )P
Now defining K1 = el and Ky = DM2M |a|?M+1 ] we obtain the required result. O

= ol

The following Lemma is Challenge 2.4 from [6], given without proof:

3.21 Lemma. Let p(z) = 27(z — a)?*! for some integer j > 1. Then Z ™) (a) = 0.
25+1
Proof. We rewrite p(z) as p(z Z anz". Since a is a zero of p(z) of multiplicity j + 1 and

1, a will be a zero of all the derivatives of p(z) up to j, i.e. p'(a) = p’(a) =
0 ]
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(M+1)p—1

Now note that, for 1 < n < p—1, the nth derivative f(of our f(z) = Zn:pfl

can be written in closed form as

cn2’ € L[]

(M+1)p—1

f(”)(z): Z LCNZN’”.

N=p—1
This helpful remark allows us to prove:

3.22 Lemma. For f(z) we have that

p—1 (M+1)p—1 N-1 g
> SE= 3 (New 3
n=1 N=p-—1 n=N-—p+1 ’
Proof.
p—1 p—1 [(M+1)p—1 N
(n) _ . N—n
n=1 n=1 N=p-—1
(M+1)p—1 el Non
N=p—1 n=1
(M+1)p—1 N-1 on
IO T S
N=p—1 n=N-—p+1

O]

Now, let us proceed to the proof of a special case of the Lindemann-Weierstraf}, from which
we shall deduce the general statement of the Theorem.

3.23 Theorem. Let {ay,...,an} € [Q\ {0} be a complete set of conjugates, let
{Bo, B1,....Bm} € Z\ {0} be such that if oy and o are conjugates then B; = Bj. Then

Bo + Bre*t + ... + Bpe™™M £ 0.
Proof. Let A ={ai,...,ap} split into

{0411704127-~7041M1}, {04217a227--'7042M2}7 ceey {aLlaaL27~-7aLML}7

and let dj,a;, D =dy...dp,cen, fi(2),q1(2), for l=1,..., Land N=p—1,p,...,(M +1)p—1,
and p, f(z), Pp(z) be as in Lemma 3.17, and let 7,(z) be as in Lemma 3.20.

Suppose, for a contradiction, that there are f1,..., By C Z\ {0} such that 3; = ; whenever
a; and o are conjugates and

Bo + B1e®t + ... + Bye™™M = 0. (4)

Since 3; = 3; whenever «; and «; are conjugates, we can re-index the (3;’s accordingly. In
this way, §; will be the coefficient corresponding to the complete collection of conjugates
{an, ..., }, ie. B = B = B2 = ... = Bim,, where [y, is the coefficient of e*m for
l=1,...,Land m =1,..., My. Now we may rewrite (4) as

L L M,
50+ZBZ (eall +€all +...+€alMl) :Bo_i_zbl (E e()élm) :O (5)
=1 =1 m=1
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By Lemma 3.22 applied to our polynomial f(z), we get

p—1 (M+1)p-1 N1
SICEENS Sl EUTED ol ©
n=1 N=p—1 n=N-—p+1
The sum in the inner brackets of (6) is part of the power series of e*. This leads us to relate it
to our a’s from {aq,...,ap} and for each a € {a1,...,apr} to consider the expression
(M+1)p—1 (M+1)p—1 0 n
Z Nleye® Z (N!CN Z > = we split the ‘inner’ power series into three parts:
n!
N=p—1 N=p—1 =

one before the RHS of (6) + RHS of (6) + the tail of the power series after the RHS of (6)
(M+1)p-1 Nop a\  (MHDp-l N\ e o
= Z (N'CN Z o > Z Nleny Z e + Z (N!CN Z n'> .
N=p—1 N=p—1 n=N—p+1 N=p—1 n=N

The sum in the middle is exactly the right-hand side of (6) evaluated at o and, by Lemma 3.21,
is equal to zero. Hence

(M+1)p—1 (M+1)p—1
e Z Nley = Z Nleye® (7)
N=p—1 N=p—-1
(M+1)p—1 N=p n (M+1)p-1 oo n
N=p—1 n=0 N=p—1 n=N
= Ppla) + Tp()
i.e.
(M+1)p—1
e Z Nleny = Pyp(a) + Tp(a). (8)
N=p—1

Now we multiply both sides of the identity (5) by Nlen/(p — 1)! and get

e (s (3 ) o 0

m=1

Letting N vary from p — 1 to (M + 1)p — 1, we obtain Mp such identities, which we sum up:

(M+1)p—1 Nle
S ) e

N=p—1
or, after expanding a bit and switching the three sum symbols we get

(M+1)p—1 (M+1)p—1

> N'cN—I—( ! Z Zeo‘“n > Ny | =0 (11)

N=p—1 N=p—1

(p—1)!

We now evaluate (8) in o = oy, and obtain

(M+1)p—1

e 3 Nley = Pylam) + Tp(cim)- (12)
N=p—1
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From (11) and (12) we obtain by substitution:

By (M+1)p—1 1 L M,
| P —
(p—1)! N§1 Nlew + 51 ; bi mzl (Po(ctim) + Tp(eum)) =0, (13)

and writing the ‘tail’ part to the right we get

60 (MLp=1 1 L M,
i 2 e gt (e ) = ()
N=p—-1 =1 m—1

Putting =11 )! inside the sum, we get

(M+1)p—1 Nle L M, L M, T (i
w3 e ey (LR A (S ) o

Recalling equality (2):
My

Z Pp(alm) _ aj
FER e

m=1

and by substituting it in (15) we get

(M+1)p—1

Bo >

N=p-—1

N'CN

L M
= i+ Zﬁlde T = —;55 <m2:1 (p(—ll)?> : (16)

Now we multiply both sides of (16) by DMP to obtain

iy T Niey L a o T (i)
BOD . Z ( _1>!+ZBZ Mpfl ZBD i Z( _1)!)' (17)
N=p1 P = 4 m=1 P

We can rewrite the left-hand side of (17) and get

(M+1)p—1 Nlen L D\ Mp L M, T (on)
BoDMPe, y + BDMP Y [ > Bd; <d> =-) ADM (Z , T’) .
N=p p= ) =1 ! =1 m=1 (p - )

(18)
Recalling Lemma 3.19, (18) is in fact:

L M,
N == DM (Z Zf;(fﬁ”))!)’ (19)

=1 m=1

and we remind the reader that A is a nonzero integer. Taking the absolute value of both sides
of (19) and applying the triangle inequality finitely many times, we get

0 < W] < Z (Z 61D p|T alm>|>' 20)
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Let B = max{|51],|52|,---,|6L|}. Then from Lemma 3.20 and (20) we get

L My p p
0< V<> }:lﬂﬂ[fﬂfﬁ (21)

=1 \m=1 (p 1)'

BV () (3 1)

(p—1)! Z; g%

BDMPK | (Ky)P &

_ (p—ll()' 2) ;Mz
BDMP K (Ky)P &

_ (p—ll()! 2) ;Mz

_ (DM K,)P

BT

In short, (21) becomes

(DM Ky)P
0<|N|< BMK{~——%. 22
0y " (22)
The constants BMK; and DM K5 do not depend on p. We recall that
a/p
lim — = 2
ngo (p—1)! 0 (23)

hence the right hand side of (22) can be made smaller than 1 for sufficiently large primes p. So,
for such p, we have that
0<|N| <1, (24)

which is the required contradiction with the Fundamental Principle of Transcendental Number
Theory.

Hence, By + an/lzl Bime®™ # 0.
O

3.24 Definition. The finite subset S C Q is called conjugate-complete if for all o € S, S
contains all the conjugates of a and if o appears m times in S, then each conjugate of «
appears m times in S, as well.

Note the difference between this definition, and Definition 3.6. Obviously any conjugate-
complete set is a complete set of conjugates, but the converse doesn’t always hold:

3.25 Example. The set {iv/5,iv/5, —i\/5, —iv/5, 3,17, —/7} is conjugate-complete, while
{i\/g,i\/g, —iv5, 3, \ﬁ,—\ﬁ} is not conjugate-complete, since we don’t have two copies of
—i/5, but is nonetheless a complete set of conjugates.

We shall define the following general notion:

3.26 Definition. The expression S1e* + [oe®2 4 ... + Bre®K is called a conjugate-complete
exponential sum if {ay, ..., ax} is conjugate-complete, where {31,..., 8k} C C.

In [6], the notion of conjugate complete exponential sum is used when 8, = By = ... =
Bk = 1. Here we call this a conjugate-complete simple exponential sum:
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3.27 Definition. The expression e“! + e*? + ... + e®K is called a conjugate-complete simple
exponential sum if {a1,...,ax} is conjugate-complete (in the sense of Definition 3.24).

Next, we shall formulate and prove a new statement (Lemma 3.29), which is a more general
version of [6, Challenge 3.11]. For that purpose, we will need the notion of a lexicographic order:

3.28 Definition. [12] Given a Cartesian product X x Y of two totally ordered sets X and Y,
the lexicographic order of X x Y is: (x1,y1) < (w2,y2) if and only if either

1. z1 < 9, oOr
2. x1 = x9 and y; < yo.

When considering the lexicographic order in C, we identify C with R x R.
We will also need:

3.29 Lemma. Let {p1,...,pr} € [C), let {r,...,7m} € [CIM and {m1,...,70,t1,...,tpm} C
C\ {0}. Then

(rieft + ... rpefl) (tre™ 4 ..k tpre™) = s1eM 4.+ syeN
for some N € NT and {\1,...,An} € [C]V. In addition, at least one of {s1,...,sN} is nonzero.

3.30 Note. In the formulation of Challenge 3.11, a stronger requirement is posed - namely - that
{p1,...,pL,71,...,Tar} € [C]*TM. Here we show that our more general form is still true, and,
moreover, exactly this form will be used in the proof of the Lindemann-Weierstrafl Theorem,
since Challenge 3.11 is not applicable in the cases used in that proof.

Proof.
L M
(rieP* + ...+ rpeft) (t1e™ + ...+ tye™) = Z Z TitmeltTTm
=1 m=1
This expression has at most LM terms. Let A\, = p; + T, and Sy, = 1t for I =1,..., L and

m =1,...,M. It might be that for some (I’,m/), (I",m") € (L x M)?, we have Ay = Ay,
for example if py = —7, and ppr = — Ty

We end up with N different A\;,;,’s (the case when N = 1 and all \;,;, = 0 is not excluded -
this might happen when M = L and p; = —7; for all [ = 1,...,L). We enumerate the \;;,’s as
A1, ..., An. The corresponding coefficients ¢,,n = 1,..., N will be sums of the s;,,’s that are
coefficients of equal A\;;,’s.

We now prove that {c1,...,en} N (C\ {0}) # 0. The finite set {Re(p1),...,Re(pr)} C R
has a maximal element a*; let {py,....pi} € {p1,...,pL} be such that Re(p;,) = a* for
i=1,...,K. The finite set of real numbers {Im(p;, ),...,Im(p;, )} has a maximal element b*;
Let ps € {p1,,--.,pi, } be such that ps = a* + ib*. Since all p;’s are different, this p; is unique
and ps will be the maximal element of {Re(p1),...,Re(pr)} x {Im(p1),...,Im(pr)} C R xR
with respect to the lexicographic order. Similarly, let 7, € {7,...,7as} be the unique maximal
element of {Re(71),...,Re(rar)} x {Im(m1),...,Im(7as)} with respect to the lexicographic order
and let 7 = ¢* + id*.

We claim that the coefficient of e”*™™ is nonzero. Indeed, since ps = a*+ib* and 7, = ¢*+id*,
we cannot have that

Ps + Tt = P + Ty (25)

for some (s',t') # (s,t). If pgy = x5 +iys and 7 = x + iy, equation (25) gives us

a* +ib* + ¢ +id* = s + iys + 3 + iy (26)
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SO
(" —zs+c —x) +i(b* —ys +d* —y) = 0. (27)

This is possible only if
a*—xs+c -2 =0=0" —ys +d* —y,.

But a* — x5 + ¢* — x; is a sum of two nonnegative numbers. So it is zero only if they are both
zero, i.e. a* = x5 and ¢* = x4. Similarly b* = ys and d* = y, i.e. ps = py and 74 = 7. This
contradicts the uniqueness of ps and 7.

Hence the coefficient of e”s*7 is exactly ps7; and since they are both nonzero, it is also
nonzero. O

3.31 Lemma. The set {aq,...,ar} is conjugate-complete if and only if the polynomial (z —
a1)(x — ag)...(x — ar) has rational coefficients.

3.32 Note. This is [6, Challenge 3.12], stated without proof.

Proof. Let {a1,...,ar} be conjugate-complete. Rewrite it as K complete collections of conju-
gates (where possibly some of those collections might coincide - for example - if ay appears p
times, then the collections of all its conjugates will appear p times).

{all,OﬂQ, R 7a1L1}7 {0621,0622, R 7a2L2}7 .. .,{O[K]_ . '7aKLK}7

where L1+...+ Lg = L. Let fi(z) = (z—an)(z—ap2) ... (2 — oy, ) be the minimal polynomial
over Q of the complete collection of conjugates {ai1,...,qk,}. Then f(2) = (2 — a1)(z —
az)...(z—ap) = fi(2)fa(z) ... fr(z) and is in Q[z].

Conversely, suppose that f(z) = (z — a1)(z — a2)...(z — ar) € Q]Jz]. Suppose for a

contradiction, that A = {aq,...,ar} is not conjugate-complete; let {a11,...,a1x} be all the
conjugates of a1, and without loss of generality, let {aq1,..., a1} be not in A, i.e.

A= {01 (hq1)s - UK, K11, QK425 -+ -5 QL
and also without loss of generality, let {ax11,...,ar} be conjugate complete.

In the previous part, we have shown that
9k (2) = (2 —ag1)(z —akxi2) ... (z —ar) € Q[7]

Again, let f1(z) = (2 —a11) ... (2 — a1x)(2 — @y(k41)) - - - (2 — @1k) be the minimal polynomial
of a; over Q or, equivalently, be the minimal polynomial of {aq1,...,01x}, so fi(z) € Q|z].
Then we have

f(2) = (2 = ayq) - (2 —ug)(z —akq1) ... (2 —ap) € Q[2].
Then

f(z) = (z —a1y1)) - - (2 — a1k )9k (2)

and since gx (2) € Q[z], we have that hi(z) = (2 — ay(r41)) - - - (2 — Q1) must be with rational
coefficients, i.e. hi(z) € Q[z]. But degh;(z) < deg fi1(z) - contradiction with the minimality of
fi(z) over Q. 0O

3.33 Lemma. Let {a1,...,a;} C7Z and {y1,...,7;} C Q. Then the set of all linear combina-
tions of all conjugates of v;’s with coefficients a;’s is conjugate complete.

21



3.34 Note. This lemma gives us a way to construct a conjugate complete set on the basis of an
arbitrary set of algebraic numbers.

Proof. Let
A={aim +ame+...+ay7ry;:Vj=1,...,J, 7; is a conjugate of ;}.

Note that we do not exclude the case when some +; is a conjugate of some ; for ¢ # j. We
shall use Lemma 3.31 to prove that A is conjugate complete.
Let {7j1,.--,7;7,} be the set of all conjugates of v;, for j =1,...,J. Let

p(z) =(z — (a1y11 +axy2 + ...+ ayvy)) (2 — (a2 +agye + ... +ayvy)) ...
(= (o Fay2+ ... Fagyg)) =
= H (z—(a171+a272+...+aJTJ)).

7; is a conjugate of ;
j=1,....J

We can rewrite p(z) as

= I e

7; is a conjugate of v;
for 2<5<J

where
q(z) =
(z — (a1y11 +aeme + ... +ay7y))(z — (ary12 + agmo + ... +ay7y)) ...
c(z=(ampy +agme+ ...+ ayTy)) =
J1
=1 (z=am—...—asms) —aim),
=1
or if we define y =z —asmo — ... — ay7y,
J1
9(z) = f(y) = [[(v —arme) =y" — oy + ...+ (=1)"0n,
=1

where o;’s are the elementary symmetric functions in all the conjugates of v; and by Lemma
3.13, are rationals. Hence f(y) € Q[y] and ¢(z) € Q[z,72,...,7s]. We do this for all of the
7;’s and obtain that p(z) € Q[z], hence by Lemma 3.31, p(z) € Q[z]. Hence A is conjugate
complete.

O]

3.35 Lemma. Let {ai,...,ar,b1,...,bpr} C C\ {0} and let aje® + age® + ... 4+ apel,
and bi1e™ 4+ ... 4+ bye™ be two conjugate complete exponential sums. Then their product is a
conjugate complete exponential sum.

Proof.
(a1 + ... +ape®t)(bye™ + ...+ bpye™) = Z ayby, e T rm
1<I<L
1<m<M
Then {a;b,, :1=1,...,Lym=1,...,M} C C\ {0} and by Lemma 3.33, the set {a; + v : l =
1,...,Liym=1,..., M} is conjugate complete. O
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3.36 Corollary. The product of two conjugate complete simple exponential sums is a conjugate
complete simple exponential sum.

3.37 Theorem (The Lindemann-Weierstral Theorem). Let {ao, a1, ..., an} C Q and suppose
that {50, B, .. ,51\/[_;,_1} cQ \ {0} Then Boe™ + ...+ Bpe*™ #£ 0.

Proof. We prove the Theorem by contradiction.

Suppose
Boe®® + ...+ Bye*™ =0 (28)
First let us note that on page 68, line 13 in [6], it is written that {80, B1,...,8u} C Q are
“not all zero”. The Sy, 51,..., 8y have to be all nonzero, because that is the statement of the

Lindemann-Weierstrafl Theorem, and also to enable us to later apply Lemma 3.29, where such
a requirement is essential.

The idea is to first transform the left-hand side of (28) into a linear combination of conju-
gate complete exponential sums. In [6], it is written that by multiplying (28) by “analogous
expressions with the collection of exponents replaced by all possible combinations of their cor-
responding conjugates:

H (/Boepo + 51€p1 + ...+ BMepr) =0

pm 18 a conjugate of am
m=0,...,M

and then applying Lemma 3.29 (in form of their Challenge 3.11), we can ensure that this will not
convert the left-hand side into an expression for 0. But in order to correctly apply Challenge 3.11
for two such multiples, all the exponents have to be different, and this is obviously not the case
since such a product could contain, for example, two multiples with exponents {po, p1,...,par}
and {po,p},...,p)y}. So we have to apply the “amended” by us version of Challenge 3.11,
proved as Lemma 3.29.

To ensure this can be correctly done, let us make one more observation: it is possible that

some «; is a conjugate of o for some i # j in {ag, a1, ..., ap}. Then we would have a multiple
with exponents {a;,; = o, all others}. At first glance, even Lemma 3.29 is not applicable,
but let us note that then such an expression is reduced to ... (8; + 3;)e® + ..., and then we
can reduce any expression of the type Bpe® 4 B1ePt + ...+ BarePM to the expression of the type
boe™ 4. .. +bre, where {o,...,7.} € [Q]" and {by, ...,br} are integer linear combinations of
Bm’s and 7o, . ..,y are conjugates of some of {«p,...,ap}. Lemma 3.29 can now be properly

applied and we obtain an expression of the type

N

Z Spe =0, (29)

n=1

where A\, = po + p1 + ...+ par and hence {\1,..., Ay} is conjugate complete by Lemma 3.31,
and s, are integer linear combinations of products of 5,,’s, and at least one s,, is nonzero.
We can rewrite (29), grouping the terms with the same coefficients and expanding it in the
form
koEog+k1E1+ ...+ Kk EL =0, (30)

where some E; might equal some E; (with k; # k;) but all Ep,...,Er will be conjugate-
complete simple exponential sums. What is important is that since at least one of the s,’s is
not zero then at least one of kg, ...,y will be nonzero. Some k;’s nontheless can be zero, and
by omitting those terms and re-indexing we can assume that without loss of generality, all x;’s
are nonzero.
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Now - the k;’s are algebraic, as integer combinations of algebraic numbers. So our next step
will be to do an analogous multiplication, this time by all conjugates of x;’s

11 (voEo+mEL+...+v.EL) =0. (31)
v is a conjugate of k;

1=0,1,....L

After multiplication and factoring out equal coefficients, we arrive at
77080 + 7]151 + ...+ 77[(8]( =0, (32)

where the n;’s are symmetric polynomials in the £;’s and their conjugates with integer coef-
ficients, and the &’s are products of the Ej’s. Again looking at this product with regard to
Lemma 3.29, we conclude that at least one 7 is nonzero. Also, since the 7n;’s are symmetric
polynomials in the §;’s and their conjugates with integer coefficients, we have that all n;’s are
rational numbers.

By multiplying (32) with the least common denominator of all the n;’s, without loss of
generality, we may assume that all 7n;’s are nonzero integers. Since &£’s are finite products
of the conjugate complete simple exponential sums FEj, by Corollary 3.36 we get that each &
is a conjugate complete simple exponential sum. As in the special case - Theorem 3.9 - by
regrouping and reindexing (32), we may again assume without loss of generality that all the
exponents in & are conjugates of one another (ie are a complete collection of conjugates in the
sense of Definition 3.6). The only thing that remains to be done is to reduce the equation (32)
to the form where, say, & = 1.

Case (1). If we are lucky and one & is already equal to 1, we may directly apply Theorem 3.9.

Case (2). Now suppose that for all k, we have & # 1 and let & = e + e + ... + €’
and {v1,...,v;} € Q\ {0}, with {v1,...,v;} a complete set of conjugates. Note that if one

vj = 0 then all must be equal to 0, since {v1,...,v;} is a complete collection of conjugates.
Define &, L— e 4e 24 . 4e¥. Then obviously this is also a conjugate complete simple
exponential sum, because {—v1,...,—v } is a complete collection of conjugates. Hence by

Corollary 3.36, £o&y 1'is a conjugate complete simple exponential sum.

&yt = (" + e+ ... +e) (e +e 4. e )
="+ 4. 4. =T+E,
where 5(/]/ is some conjugate complete simple exponential sum (because the exponents, by Lemma
3.33, form a complete set of conjugates and e = 1 is a conjugate of only itself). Note also that
in (32), for k1 # ko, each exponent appearing in &, is different from each exponent of &,

(because the exponents in each & are complete collection of conjugates). This ensures that
when we multiply (32) by & ', i.e.

0oyt +mEET .+ =0, (33)

none of E,;/ =& L&, will contain any e terms. Also, we again have that each 5,;/ is a conjugate
complete simple exponential sum. Then (33) can be rewritten as

Jno + o0&y +mE + ... +nxEx =0, (34)

and finally as
/80+/81€>\1 + _’_556)‘5 = VU, (35)

where {8y, By, .-, 8¢} C Z\ {0} and {\1,...,As} € [Q]° is a complete set of conjugates. Now
we can apply Theorem 3.9 to reach the desired contradiction.
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O]

Having finished this proof, we give some of the more popular consequences of the Lindemann-
Weierstrafl Theorem.

3.38 Corollary (Hermite). If a € Q\ {0}, then e* ¢ Q.

Proof. Suppose e* € Q, then e® = 3 for some 3 € Q. Then —f + e* = 0, which contradicts the
Lindemann-Weierstra8 Theorem applied for {«,0} € [Q]? and {1, -8} € Q\ {0}. O

3.39 Note. An interesting direct proof of Hermite for real « is also given by Nesterenko in [23].
3.40 Corollary. If « € Q\ {0}, then ¢ ¢ Q.
Proof. Note that ia is also algebraic, so by Corollary 3.38, e ¢ Q. O

3.41 Corollary (Hermite-Lindemann Theorem). If {ag,aq,...,an}t € [Q\ {0JM*! and
{Bo,---,Bum} C Q\ {0}, then the number

M
D> Bmer
m=0

1s transcendental.

Proof. Suppose Z%:o Bme®™ =~ € Q. Define apr41 = 0 and Bys11 = —y. Then we have that

M+1

§ ﬁmeam =0,
m=0
1 M+2

which contradicts the Lindemann-Weierstrafl Theorem applied for {ay, ... an41} € [Q)] and

{Bos -+ Burs1} € Q\ {0} o
3.42 Corollary. If a € Q)\ {0}, then log « is transcendental.

Proof. Note €l°8® = o € Q, so loga can’t be algebraic, since this would contradict Hermite’s
Theorem. O

3.43 Corollary. If o € Q\ {0}, then {cosa,sina,tana} NQ = 0.
Proof. Suppose cosa = 3 € Q\ {0}. Now,

eia+e—ia
B—cosa—#,
SO 1 1
*560+§6ia+§€_ia207

which contradicts the Lindemann-Weierstral Theorem applied for {—/, %, %} c Q\ {0} and
{0,ia, —ia} € [QJ3.

Similarly, we use the identity sina = €~ Ef% and assume sina = 3 € Q to get a contradic-
tion to Lindemann-Weierstra$ for {0, ia, —ia} € [Q]® and {8, %, 5}

If

sin a el — gt —
tana = = — — = (5 €Q,
cosa i(e'™ 4 eTi)

then ' '

(if—1)e*+ (i +1)e "> =0.
Since a # 0, {ic, —ia} € [Q]?, and {iB —1,i3+ 1} C Q\ {0}, and hence obtain a contradiction
to the Lindemann-Weierstrafl Theorem. O
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More generally, using the idea that in order to prove sin «, cos «, tan a were transcendental,
we considered some polynomials in different powers of e*, we can prove the following:

3.44 Theorem. Let P(z1,...,zx) and Q(z1,...,z1) be two nonzero polynomials with integer
coefficients. Let {vy1,...,vx}U{n1,...,nL} C Q. Then the number

P, e0K)

—Qem, ... em)

1s either rational or transcendental.

3.45 Note. We provide a detailed proof that is only sketched in [6].

Proof. Assume that 8 € Q\ Q. Then we have
BQ(e™, ..., e") — P(e,...,e"") =0. (36)

Though some 7;’s might equal some ~;’s, the common exponential terms in 36 cannot cancel
out since A3 is irrational and @ and P are with integer coefficients. Let M € NT be such that
both {ai,...,am} C{7,....,7x} U {m,...,n} are all different and M is the number of the
nonzero coefficients in (36) after factoring the common exponential terms. Then (36) can be
rewritten as:

Bie™ + ...+ Bage®™ =0, (37)
where {a1,...,ay} € [QM and {B1,...,Bm} € Q\ {0}, hence contradicting the Lindemann-
Weierstrafl Theorem. d

In view of the above Theorem, and the proof of the Lindemann-Weierstrall Theorem which
we provided, we can now see that the Lindemann-Weierstrafl Theorem is equivalent to the
following;:

3.46 Theorem. If ]j(zo, coyZym) = bozo + ...+ barzas is a nonzero polynomial with by, € Z
and {ag ..., apn} € [QMFL, then P(e, ... e*M) 0.

This leads us to the following theorem:

3.47 Theorem. If {a,...,an} C Q are Z-linearly independent, then e, ..., e*M are alge-
braically independent.

In [6], the converse is also given without proof:

3.48 Theorem. Let {ag,...,ay} C Q and e, ..., e*M be Z-algebraically independent; then
Qo, - .., are Z-linearly independent.

Proof. Suppose {ao, ...,ap} are Z-linearly independent and let {dy,...,dy,} C Z\ {0} be such
that doag + ... + dpraps = 0. Then

doOé() = —d1a1 i dMaM,
SO
edoao — —diai—..—dyay _ —diar e_d]vIaM7

hence

(ev0)do _ (eany=dr | (eonmr)=dar — ), (38)
Define the polynomial

- —d

P(zo,...,20M) :230 ledl...zMM.

Then (38) becomes
P(e*, e, ... e*M) =0, (39)

a contradiction to the Z-algebraic independence of e®0 ... e*M, O
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In fact, Theorem 3.47 can be restated in view of Schanuel’s Conjecture as:

3.49 Theorem. If ay,...,an € Q are Q-linearly independent numbers, then

trdeg(Q (ag, . .., apg, e, ... €M) = M + 1.

3.2 The Gelfond-Schneider Theorem

The Gel’fond-Schneider Theorem provides a solution to Hilbert’s seventh problem: to prove
that whenever o, € Q with o # 0,1;3 ¢ Q , then o” is transcendental. We note that
of = exp(Blog a), log a being any logarithm of .. In 1934, the Russian mathematician Alexandr
Gel’'fond [11] and the German mathematician Theodor Schneider [29] independently proved
Hilbert’s seventh problem.

3.50 Theorem (The Gel’fond-Schneider Theorem). If o, 3 € Q\ {0}, a # 1, and B is not a
real rational number, then any value of o is transcendental.

This formulation can be found in [25].

3.51 Proposition ([27]). The following are equivalent formulations of the Gelfond-Schneider
Theorem:

1. If o, € Q, o # 0, and logae # 0, and B is irrational, then o = exp(floga) is
transcendental.

2. Ifa, 8 €Q, o, B # 0, and if log o, log 5 are linearly independent over Q, then log «, log 3
are linearly independent over Q.

3. IfB,ANEC, N#0, B¢ Q, then one of the numbers e*, 3, e’ is transcendental.

For more historical information and a comparison of the proofs of Gel’fond and Schneider,
the interested reader is referred to [40], [38, Chapter 13.7], and [37].

3.3 Baker’s Theorem

In 1966, Alan Baker extended the Gel’fond-Schneider Theorem ([2], [3]), who proved the more
general result that:

3.52 Theorem (Baker’s Theorem). Let o, ..., an € Q\{0}. Iflogai,...,logay, are linearly
independent over Q, then 1,logayq,...,loga, are linearly independent over Q.

3.4 The Six Exponentials Theorem

The Six Exponentials Theorem is a natural continuation of the Lindemann-Weierstraf3—Gel’fond-
Schneider—Baker arc, but does not follow from any of them.

A proof of a special case of the Six Exponentials Theorem is attributed to Siegel in a paper
by L. Alaoglu and P. ErdSs [1] in 1944. It states that if p{, p§ and p§ are rational numbers
for three distinct primes p1, p2, p3, then x is an integer. Over a decade later, two independent
proofs of the Six Exponentials Theorem were published by S. Lang [17, Chapter 2| and K.
Ramachandra [26]. The Six Exponentials Theorem can also be deduced from a much more
general result by Theodor Schneider [30].

3.53 Note. Information and references for this brief historical overview were taken from [38] and
[39].
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3.54 Theorem (Six Exponentials). Let 81,82 € C be linearly independent over Q, and let
a1, g, a3 € C also be Q-linearly independent. Then at least one of the six numbers

ealﬁl ’ 6041527 ea2,31 ’ 6042527 ea:sﬁl ’ 604352

is transcendental (over Q).

3.55 Remark. We note that the conclusion of the Theorem implies that the two functions
ef1® P27 which are Q-algebraically independent, cannot simultaneously take algebraic values
over any three distinct, Q-linearly independent points oy, g, as. We also note that the method
of proof used was first introduced by Schneider [40]. It uses an auxiliary function of the form

F(z) = P(ef7,e27)

for a specific polynomial P. Then, we assume that F'(z) has many zeros, and use the Maximum
Modulus Principle to reach a contradiction (again by constructing an integer N which violates
the Fundamental Principle of Transcendental Number Theory).

4 Consequences of Schanuel’s Conjecture

4.1 A Plethora of Conjectures

There are some interesting conjectures, which follow quite easily from Schanuel’s Conjecture.
We will mention a couple of consequences which can be found in [27], filling in details of proofs
and giving some more explanations.

4.1 Conjecture (Gel'fond). Ifaq,...,a, € Q are linearly independent over Q, and B1, ..., By €
Q\ {0} are such that log p1,...,log B, are also linearly independent over Q, then

a1

e, ..., e logfB,...,log By
are Q-algebraically independent.
4.2 Proposition. Schanuel’s Conjecture (2.1) implies Gel’fond’s Conjecture 4.1.

Proof. We have

trdeg@((@ (e?t,...,e* logfi,...,logBn))
= trdegg(Q (e™,...,e* log B1,...,log #,)) by Note 1.19

< 2n by Proposition 1.18.
Also,
trdeg@(@ (e, ..., e* logfi,...,logBy))
= trdegg(Q (e™,..., e, log B1,. .., log B,)) by Note 1.19
> trdegg(Q (a1, ..., an, e, ..., e log B1,...,1og B, B1,- - -, Bn))
> 2n by SC.
Hence, €', ... e log B, ...,log B, are Q-algebraically independent. ]

As a special case of Conjecture 4.1, we have:

4.3 Conjecture. [Algebraic Independence of Logarithms [38]] Let 1, . .., Bn € Q\{0} and sup-
pose thatlog 31, . .., log By are Q-linearly independent. Thenlog 31, ...,log By are Q-algebraically
independent.
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We note that Baker’s Theorem 3.52 is a weaker version of Conjecture 4.3.

4.4 Conjecture. If o, p1,...,0n € Q, a#0,1, and 1,1, ..., By are linearly independent over
Q, then loga, o, ... aPr are Q-algebraically independent.

Proof Assuming SC. By assumption on 1, 31,...,3,, we have that loga, 81 loga,..., 3, loga
are linearly independent over QQ, hence, by Schanuel’s Conjecture,

trdeg@(@ (log a,Biloga, ..., Buloga, o, d® ... ,aﬂn)) >n+1.

Since by assumption «,fi,...,8, € Q, then we must have that loga,a?,... af» are Q-

algebraically independent, which in turn implies their algebraic independence over Q. O

In fact, even some special cases of Conjecture 4.4 are still open, for example Conjecture 2.2
from the beginning of this dissertation. When n = 1 we have:

4.5 Conjecture. Ifa,f € Q, a#0,1, and B ¢ Q, then loga, o are algebraically independent
over Q.

Lang and Ramachandra independently stated special cases of yet another conjecture which
follows from Schanuel’s Conjecture:

4.6 Conjecture (Lang and Ramachandra). If aq,...,a, are Q-linearly independent, and (3 is
a transcendental number, then

trdeggy(Q (eal,...,ea”,eo‘lﬁ,...,eanﬁ)) >n-—1.

Another interesting consequence is:
4.7 Conjecture. The numbers

e,e™ el el ™, we 't 27, 2¢, 2% log 7, log 2, log 3,1og log 2, (log 2)1°g3, 9v2

are Q-algebraically independent (and, in particular, they are transcendental).

Space constraints prevent us from providing a proof of the implication, but it can be found
in [27, pg 326].
We now turn to a conjecture by Lang, for which we need a preliminary definition.

4.8 Definition. We define the field £ by transfinite induction on the ordinals:
1. EU = @7
2. Epy1=E, (e :x € E,),

3. E=E,=J,_ F

n<w N

4.9 Note. For ordinals « > w, E, = E. In particular, E,11 = E, (e* :x € E,) = E(e*: x € E) =
E.

4.10 Proposition. Schanuel’s Conjecture implies that m ¢ E.

4.11 Note. This Proposition is stated in [27], and is a corollary to a more general result proved
in [8]. We use their ideas to give a direct proof of Proposition 4.10, making a couple of notes
from a Set-Theoretic point of view.
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Proof. By contradiction: suppose that 7 € E. Then there is an n € N such that = € E,,.

By strong induction on n, we show that for all n, = ¢ E,.

For the base case, we note that 7 ¢ Fy = Q by Corollary 2.4.

For the inductive hypothesis, suppose that (1) © € E, 11, that 7 ¢ E,, for all m < n, and
that (2) for all m < n, we have E,, 11 = Q (exp(Ey,)). Then 7 € Epy1 = E, (e* iz € Ey), so7
is algebraic over E, (e* : x € E,).

T € Eniq

=FE,(e*:xz € Ey) by definition

— Q(ep(Bn ) (exp(By) by TH, part (2)

= Q(exp(En-1)) (exp(Ey)) by theory of extension fields
-1))

= Q (exp(E, Since E,_1 C E,,.

So m € Q(exp(E,—1)), so 7 is algebraic over Q (exp(E,—1)). We will now show that there is a
finite A4,, C E,, such that 7 is algebraic over Q (exp(A4,)). Since 7 € E, 11 = Q (exp(Fn-1)),
there is a polynomial F' € Q(exp(Ey,—1))[z], F(x) = ag + ... anz™ such that F(7w) = 0.

Now, a; = aiefit + ... + a,efi" for some {B1,...,Br,a1,...,a,} € E,, not necessarily
nonzero or distinct. So, taking A, = J{Bi1,...,Bir, 1 i =1,...,m} we get that « is algebraic
over Q (4,).

By similar arguments, this time applied to the elements of A,, C E,, one obtains a finite
subset A,_1 C E, such that all elements of A, are algebraic over Q (exp(A,_1)), and since N
is bounded below by 0, after finitely many (actually, » many) steps we reach a finite Ag C Q
such that A; is algebraic over Q (exp(Ayp)).

Now we take A = U<, Ar € Q (exp(Ay)). By the theory of extension fields, we may take
B C A such that {¢’ : b € B} is a transcendence basis of Q (exp(4,)). Then {7} U B are Q-
linearly independent (since m ¢ Ej,Vk < n by inductive hypothesis, part (1), and also since the
algebraic independence of B implies its linear independence), and so, since i is also algebraic,
{ir} U B are Q-linearly independent.

So we may apply Schanuel’s Conjecture, and, recalling that /™ = —1 € Q, obtain

trdegoQ ({im} U BUexp(B)) > |B| + 1.

On the other hand, since B C A and exp(B) is a transcendence basis of Q (exp(A)), we have
that

trdegoQ ({im} U B U exp(B)) = trdeggyQ ({im} U B U exp(A4))
= trdeggQ (exp(4))
= trdeggQ (exp(B))
<8I,

since {e” : b € B} is a transcendence basis of Q (exp(4,,)).
Hence, we have reached the required contradiction. Hence 7w ¢ E,, 1, which concludes the
proof. O

4.12 Definition. We define the field L by
L. Lo = @7

2. Lpi1 =Ly (logz : x € E,),

3. L=L,=U,__L

n<w N
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again noting that L., = L.

4.13 Definition. Let F' O K be a field extension and K C Iy, Fy, C F be two subextensions.
We say they are linearly disjoint over K if and only if whenever {x1,...,z,} C F} is linearly
independent over K, then {z1,...,x,} is also linearly independent over Fb.

Now, in [8], one may find a proof of this very interesting Theorem, based on an exercise
from Lang [17]:

4.14 Theorem (Lang’s Exercise). Schanuel’s Conjecture implies that the fields E and L are
linearly disjoint over Q.

Due to space limitations, we will omit the proof, but provide some interesting corollaries,
which can be found in [36].

4.15 Corollary. Schanuel’s Conjecture implies that:
1. LNE=Q;

2. w ¢ E (Proposition 4.10+Theorem 4.14) and e ¢ L (proof similar to that of Proposition
4.10);

The following corollary to 4.14 is interesting in light of Conjectures 4.3 and 4.7:
4.16 Corollary. Schanuel’s Conjecture implies that:
1. w,logm,loglogm,... are algebraically independent over E;

2. e, e, e, ... are algebraically independent over L;

4.2 Chow’s Interesting Result

We note that the Hermite-Lindemann Theorem (2.3) can be restated as:

4.17 Theorem. The only solution to equation
e“=p (40)
in the algebraic numbers is a = 0,5 = 1.

We know that equation (40) has many solutions for «, 3 € C. But can we do better in
narrowing down the domain over which it still has solutions? A natural idea would be to take
Q and close it with respect to taking exp and log, which leads us to the following definition:

4.18 Definition ([9]). A subfield F' of C is closed under exp and log if (1) exp(z) € F for
all z € F and (2) log(x) € F for all nonzero z € F, where log is the branch of the natural
logarithm function such that —m < Im(logz) < 7 for all . The field E of EL numbers is the
intersection of all subfields of C that are closed under exp and log.

Now, let us make the question a bit more specific: rather than considering pairs («, 8), we
consider the special case when o = —f3, so now we ask whether the equation

a+e*=0 (41)

has a real root in E. In [9], Timothy Chow claims that the Conjecture we have just stated is
still unsolved:
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4.19 Conjecture (Chow). The real root R of a + e* =0 is not in E.
4.20 Notation. We denote by A = (g, ag, ..., ay) a finite sequence of complex numbers.
4.21 Theorem. Schanuel’s Conjecture implies that the real root R of o + e® = 0 is not in E.

4.22 Definition. A tower is a finite sequence A = (aq,...,a,) of nonzero complex numbers
such that for all 1 <4 < n, there exists an m; € N such that a;" € Qa1,e™,...,a;_1,e% ]
or €™ € Qlay,e™,...,a;—1,e%1] (or both). A tower is called reduced if the set {a;} is
linearly independent over Q. If 5 € C, then a tower for 8 is a tower (ai,...,a,) such that
BeQlay,e™,..., an,e™]

4.28 Note. We have reworked the proof of Theorem 4.21, providing our own proof for the
assertion that there is a tower for all elements of [E which uses an inductive construction of
E mentioned by Chow (but not used afterwards), and completely restructured the rest of the
proof, so as to make it more concise.

Proof. Assume Schanuel’s Conjecture, and assume for a contradiction that R € E. We prove
the Theorem in several stages.

Claim (1). There is a tower for R.

First, we will show that E can be inductively constructed from countably many sets E,,
and then we will prove the more general claim that there is a tower for any element of E, by
induction on the ‘least level’ Ex at which the element appears.

We define the sets E,, as follows:

Eo ={0}
Ent1 =E, U{z1 %29 : 21,20 € Epp, x € {+,—,.}}

U{Zlizl,ZQEEn,ZQ#O}

&)
U{logz:z€E,\{0}}
U{e®:ze€E,}

So the elements of E,; are obtained from those of E, by applying one field operation to
z1, 29 € E,, or by taking exp or log of an element of E,,. Then E = UneN E,.

Indeed, E C J,,cr En, since E is defined as the intersection of all subfields of C closed under
exp and log and |J,,cy Ey, is obviously such a subfield.

Also, U,enEn € E. For suppose that [JE, \ E # (). Then there exists an N € N with
Enx \ E # . Since N is well-ordered, without loss of generality we can take N to be the least
such. Now, let z € E,, \ E and note that by leastness of N, z ¢ Eyx_1. Then z was obtained
either by a field operation on Ex_; or by taking exp or log of an elements of E,,_;. Since z ¢ E
but Ex_1 C E, the former would contradict E being a field, and the latter would contradict |
being closed under exp and log. Hence E D |JE,.

Note that by the well-ordering of N, we have that for z € E, there is a least N € N such
that z € En. We use induction on this least IV to construct a tower for z € E.

For the base case, if N =0, Eg = {0}, so z =0 € Q, and so we can take the ‘null sequence’.

For the inductive step, suppose that for every n < N, we have a tower for all k € E,.
Consider Ey ;1 and let z € Exyq \ En.
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Case. If z is obtained via a field operation applied to z1, 22 € Ep, then by inductive hypothesis,
there exist towers A = (aq,...,ax), and B = (by,...,b;) for z1, 25 respectively. Then we define
the tower C for z by C = (a1,...,ax,b1,...,b;). To check the tower condition is satisfied
at the boundary between aj and b;, we note that since B is a tower, there is an m; € NT

such that either b7"* € Q or el1™ ¢ Q, and moreover Q C Q (a1, e, ..., ag,e%). So 21,2 €
Q (al,e‘“, oL ak, €% by el ,bl,ebl), and since z was obtained from z; and zo by a field
operation, it is also in the field Q (al, eM, ... ay, e by, e, ... b, ebl).
Case. If z is obtained from Ey by taking expz for € Ey, with A = (ay,...,a) a tower for z,
then the tower for z is B = (a1, ...,a,logz). Indeed, logz = = € Q(a1,e™,...,ax,e*), and
z=e%%cQ (al,e‘“, el ,ak,logz,elogz).
Case. If z is obtained from Ep by taking log = for some x € Ey, with A = (aq,...,ax) a tower
for x, then the tower for z is B = (ay,...,ax, 2), since €* = ¢!°8% =z € Q (ay,e™,...,ay,e™),
and z € Q (a1, e, ..., ag, €%, z, €*).

This concludes the inductive step of the proof.

Now, since R € E, our claim shows that there is a tower for R, say A = (a1,...,ay). In
order to use Schanuel’s Conjecture on the extension field Q (a1, e™, ..., ag, e ), we need for the

set {a;} to be linearly independent, i.e. we need to find a reduced tower for R. This motivates
our next claim:

Claim (2). There is a reduced tower for R.

If R € Q, then as before, we may take the tower B to be the empty sequence.

If R € E\Q, then we suppose that every tower for R is not reduced, and take B = (b1, ..., by)
to be the ‘shortest’ such (so n = min{m € N: C = (¢1,...,¢p) is a tower for R} > 1, since
R ¢ Q). We will construct a shorter tower for R, hence reaching a contradiction. We define

i =min{k : {b1,...,br} is Q-linearly dependent}.

So there are rational numbers Pi in lowest terms, such that
4qj

i—1
Pj
=S .. (42)

We will now show that the sequence

B = <b1 ba M )
q17q27 ’q1'717 1+1> yUn
is a tower for R.

Claim (3). The sequence

<b1 b2 bi—l)
QI’QQ’”.’Qi—l

Note that the proper initial segment of a tower B is also a tower.
We first show that for all j <7 — 1,

is a tower.

by b, 4
Q(bl,ebl,...,bj,ebj) cQ <1,eq1,...,],eqﬂ'> . (43)
q1 4a;

Let j € {1,...,i—1}, 2z € Q (bl,ebl,...,bj,ebﬂ'). Then z can be expressed as a function
f(z1,...,29;) with rational coefficients, evaluated at the n-tuple (b1,e",...,b;,e%). Since
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A
by = (Zf) qr and e% = e(qk)qk for all £ < i — 1, z can also be expressed as a function with

by ]
rational coefficients, evaluated at %, en, ..., kel so
J
b
by & b, 2
2eQ| —,en,...,L et ).
q1 q;

Hence, inclusion (43) holds.

Now, for j € {1,...,7 — 1} we have two cases:
Case (1). There is an m; € NT with b;nj € Q(br,e™,...,bj_1,e%-1). Then

bi\™ _ by biq =t
<J> €eQ (bl,ebl, R ,bjfl,ebjfl) cQ <1,€‘11 ey jl,eqj—1> .
q; q1 qj—1

Case (2). There is an m; € N with ebimi € Q (bl, et bj—1, ebﬁ'*l). Then

b]')( i—

o ) (a;m;) M ; b i bj— =

e(q] I obimy E@(bl,ebl,...,bjfl,eb%ﬁ CQ<q1,€q1,...,q]1,€qj_l>-
1 i—1

So we may take m; = mjq,, so either

b\ ™ by b b,y -t
<J> €@<176q17m,u76%_1>,
q; q1 qj—1

b') / b.

L \m. b by b j—1

; 1 -1 3

€(q] ! 6@(,6‘11,,,,7 . ,ei=lo|,
q1 q5-1

or

by bo bi—1
q1’ g2’ """ gi—1
Now, we return to proving the claim that

b1 b b—
B/:<1727"'7217bi+1)-"abn>
a1 q2 qi—1

hence verifying that ( ) is a tower.

is a tower for R. We will do this by showing
b . bi—1
Q <bl,€b1,...,bi,6bi> cQ <b17641,_.., bl_lyeqz'1> .

By equation (42), we have that

by ¢ bi_1 bi—1
Qe 2ot (44)
i—1
SO
i—1 Pj i—1 i
ebl _ 2371 ?bj e(q Pj
Jj=1
by bi—1
Thus e’ is a monomial in e, ..., e% 1, so
by bi_1 bi—1
ebi €@<76q17 ) T edi-1 (45)
q1 qi—1



Now note that by our third Claim,
b by b bi—1
Q <b1,6b17~-,bz‘—176bi’1) cQ <1,eq1,..., ! 1,6%—1> ,

so combining this with (44) and (45), gives us

b b o bifl izl
Q(bl,el,...,bi,el>CQ —691 ,edi-1 |,
Qi—l

Since the towers B and B’ share the tail from i + 1 onwards, we have that B’ is indeed a tower
for R. Moreover, it is of length n — 1 < n = min{m € N: C = (ci,...,¢,) is a tower for R},
hence reaching the required contradiction.

Note that by Hermite, e = —R implies that R cannot be algebraic, and hence is transcen-
dental.

So, if A = (ai,...,a,) is a reduced tower for R, we have that the length of A is at least
1. Without loss of generality, we may assume that R ¢ Q (a1, e, ..., a;,e%) for i < n (for the
well-ordering of N implies there is a least N € N for which (ay,...,ay) is a tower for R).

Define A’ = (a1, ...,a,,R). Then R € Q(a1,e, ..., an,e™), and since e? is the additive
inverse of R by definition of R, we have e® € Q (a1, e, ..., a,,e™), as well,

Claim (4). If A’ = (a1, ..., a,) is a reduced tower, then exactly one of a, and e is algebraic
over Q (ay,e™,... ap_1,€%1).

By definition of a tower, we have that at least one of the number a, and e®" is algebraic
over Q (a,e™, ... ap_1,€" 1), so trdeg(Q (ai, e, ..., an,e)) < n.

On the other hand, since the set {ai,...,a,} is linearly independent over Q, Schanuel’s
Conjecture implies that the transcendence degree of Q (a1, €™, ..., a,,e*) is at least n, so at
most one of a, and e is algebraic over Q (a1, e®,..., a,,e).

Applying Claim 4 to the tower A’, we get that A’ cannot be a reduced tower; however,
AcC A is, so

R= ; 3 (46)

for some p;,q; € Z, q; # 0. Since R ¢ Q (a1, e, ..., a;,e%) for i < n, we have that p,, # 0.
So, substituting (46) into the equation for R gives us

By H (e qz) (47)

- 4 i=1

Defining A” = (%, e Z—Z) and using the same argument as before, we see that A” is also a
tower for R, and inherits its linear independence from A.

But p, # 0, so (47) implies that ‘;—: is algebraic over Q (a1,e™,... ,ap—1,€% 1) if and only
if ean is. But we have seen that Schanuel’s Conjecture and the definition of a tower show that
exactly one of these must be algebraic, which is the desired contradiction.

Hence R ¢ E. O

In fact, Schanuel’s Conjecture implies a stronger result, due to Lin [19]:

4.24 Theorem. Schanuel’s Conjecture implies that whenever f(z,y) € Q[x,y] is an irreducible
polynomial and f(a,exp(a)) = 0 for some o € C\ {0}, then a ¢ L, where L is the smallest
algebraically closed subfields of C that is closed under exp and log.

However, the proof is more involved than that of the elegant partial version we have shown.
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4.3 More Consequences
A curious result is given by Sondow [31]:

4.25 Theorem. Assuming Schanuel’s Conjecture, let z,w € C\ {0,1}. If both 2, w* € Q,
then z and w are either both rational or both transcendental.

There is another very interesting consequence of Schanuel’s Conjecture by Guiseppina Terzo
[32], concerning algebraic relations among the elements of the exponential ring (C, e”). Let us
first give the formal definition, found in [32]:

4.26 Definition. An exponential ring is a pair (R, E) with R a commutative ring with 1 and
E : R — U(R) a morphism of the additive group of R into the multiplicative group of units of
R satistying E(x +y) = E(x).E(y) for all z,y € R, and E(0) = 1.

So, intuitively, E plays the role of the exponential function in the commutative ring R. For
her result, Terzo uses a more general version of Schanuel’s Conjecture, which holds for any
exponential ring:

4.27 Conjecture (Schanuel’s Condition). An exponential ring R satisfies Schanuel’s Condition
if R is a characteristic 0 domain and whenever ay,...,a, in R are linearly independent over
Q, the ring Zlau, . .., an, E(a1), ..., E(ay)] has transcendence degree at least n over Q.

We recall that:

4.28 Definition. [28] The characteristic of a field K is the smallest positive integer n with the
property nz = 0 for all z € K, and it is zero if no such n exists.

With these preliminaries in mind, Terzo’s result states:

4.29 Theorem. Assuming Schanuel’s Conjecture, there are no further relations between m and
i except the known ones, €™ = —1 and i® = —1.

5 Overview of Zilber’s Result and Applications of Schanuel’s
Conjecture in Model Theory

“It’s always a pleasure to introduce ideas from model theory to people who do real
mathematics.” Professor Boris Zilber

In a paper published in 2005 [44], Boris Zilber provided a fascinating, novel approach to thinking
about Schanuel’s Conjecture: he used a model-theoretic construction to introduce a function
called pseudoexponentiation, which is a map from the additive group of the underlying field
to its multiplicative group, and behaves much like ‘real’ exponentiation. To be more precise,
he showed that there is a sentence ® in a certain infinitary language £ = {+, ., E,0, 1} about
algebraically closed exponential fields such that ¢ has a unique model of power k for each
uncountable cardinal .
For the exact Theorem, we need a preliminary definition:

5.1 Definition. Let X C K be finite. We define a dimension
J(X) = sup{trdeg(Y U E(span(Y)) — lindim(Y") : X C Y is finite}
and a closure operator

cl(X)={a:9(X)=0(Xa)}.
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Thus, Zilber’s Theorem may be stated as:

5.2 Theorem ([44]). For all uncountable cardinals k, there is a unique model of ® of cardi-
nality k. If (K,+,.,E) E ®, then every definable subset of K is countable or with countable
complement. If A C K s finite and a,b ¢ cl(A) there is an automorphism of K taking a to b.

Moreover, if (K, +, ., F) F ®, then (K, +, ., E) satisfies the following five axioms (from [42]):
Axiom (EXP). We have:

E(l‘l + xg) = E(CL‘l)E(a?Q)
ker(E) = nZ, some 7 € K.

Axiom (SCH).
trdeg(X U E(X)) — lindim(X) > 0,

where lindim(X) is the maximal size of a linearly independent subset (linear dimension).

Axiom (EC). For any non-overdetermined irreducible system of polynomial equations

P(z1,...,Tn, Y1y« -y Yn) =0
there exists a generic solution satisfying
yi = E(x;)i=1,...,n.
Axiom (CC). Analytic subsets of K™ of dimension 0 are countable.
Axiom (ACFy). Axioms for algebraically closed fields of characteristic 0.
Further, Zilber conjectured that:

5.3 Conjecture. The field of complex numbers with exponentiation, Cexp, is isomorphic to the
unique field with exponentiation Kp of cardinality 280,

5.4 Note. We used material from [42], [22], and [15] for this overview.

Space limitations prevent us from surveying some more model-theoretic consequences of
Schanuel’s Conjecture. The interested reader is reader is refered to [21, Chapter 3.4],[43], and
[33], and we state one interesting and one very important result, which answers a question by
Tarski ([21]):

5.5 Theorem (interesting result). [16] There are at most countably many essential counterez-
amples to Schanuel’s Conjecture.

5.6 Theorem. [20] Schanuel’s Conjecture implies that the real field with exponentiation, Rexp,
s decidable.

6 Conclusion

We have seen that many central and interesting theorems and conjectures from a variety of
areas follow from Schanuel’s Conjecture. Transcendental Number Theory provides the natural
setting for this conjecture, where natural, but also conjectural, generalisations, follow readily
from Schanuel’s. Model Theory not only gives unexpected applications of the Conjecture, in
light of Tarski’s question, but also provides the promise of a proof, or at least more grounds for
faith in Schanuel’s Conjecture, via Zilber’s pseudoexponentiation.
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